Introduction.
This paper is concerned with the representation theory for completely distributive complete lattices. The results obtained are extensions of similar results of Tarski on distributive lattices and on completely distributive Boolean algebras.1 The following definitions and notations are used.
If £ is a family of subsets of a set, the intersection of F is denoted by Yl_F, and the union of F is denoted by 22 F- If £ is a complete lattice, then every subset K of L has a meet, which is denoted by C\K, and a join, which is denoted by UK. An example will be given to show that the word "homomorphic" in condition (IV) cannot be replaced by the word "isomorphic." In the discussion of this example, the following theorem is useful.
Theorem 2. For a complete lattice L to be isomorphic with a complete ring of sets the following condition is necessary and sufficient: (*) Every element of L is the join of a set of completely join-irreducible elements.
3. Proof of Theorem 1. The following lemmas are used in the proof of Theorem 1. Proofs are not given for those which are well known. Lemma 1. Every complete ring of sets, partially ordered by set inclusion, is a complete lattice, in which joins are unions and meets are intersections, and this complete lattice is completely distributive.
Lemma 2. If a complete lattice is a complete homomorphic image of a completely distributive complete lattice, then it is completely distributive.
Lemma 3. The family of semi-ideals of any partially ordered set is a complete ring of sets. Let TER. If qET, then qE22{F(P)\p£T}, since qEF(q). On the other hand, if q E 22 {F(P) IP G T}, then for some pET, qE F(p).
Then F(p)QT and qET. Therefore T= 22{F(P)\P&T}. Thus the condition (*) is necessary.
To prove the sufficiency of condition (*), let X be the set of completely join-irreducible elements of £, and for every xG£ let M(x) be the set of tEX such that t¿x. Condition (*) implies that x = UM(x) for every xEL, whence it follows that xSy if This shows that C(L) is a complete ring of subsets of the set X, and the proof of Theorem 2 is complete.
5. An example. The set U of real numbers x such that O^x^l, ordered in the natural way, is a complete lattice. Joins are least upper bounds and meets are greatest lower bounds, with the specification that the join of the empty set is 0 and the meet of the empty set is 1. This complete lattice is easily seen to be completely distributive.
No element of U is completely join-irreducible, since every element xE U is the join of the set of yE U such that y <x. It follows that if xEU and x¿¿0, then x is not the join of a set of completely joinirreducible elements. Therefore, U is not isomorphic with a complete ring of sets. For every xEU there are exactly two semi-ideals of U whose join is x. One of these is the set oí y EU such that y^x; the other is the set of y EU such that y<x. The mapping which takes each semiideal into its join is a (2-1) mapping of the complete ring of semiideals of U onto U, and it is a complete homomorphism.
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